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A geometrical method is presented for the calculation of the strand distribution functions for
cable-in-conduit superconductors with simple and multiply connected cross-sections. The method is
illustrated on different cable designs with simply and multiply connected structures. We start with
the simple case of a round cable (a simply connected structure) and continue with some multiply
connected structures: a cable with a central channel then one with a central channel and wrapped
petals and finally a cable with segregated copper and central channel. Analytical relations are given
which can be used in numerical simulations to calculate average values of certain cable properties
like the average electric field.
PACS numbers: 23.23.+x,56.56.Dy
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I. INTRODUCTION
A cable-in-conduit conductor (CICC) is usual made of
a bunch of strands encapsulated in a metal conduit. The
bunch consists of a large number of strands, around 1000,
twisted together in many different stages, starting from
a simple basis unit. Usually this is a triplet, a twist of
three strands, but cables where the basic unit is a more
complicated build such as a copper core surrounded by a
number of superconducting strand twisted around it or
even a relatively large braid are known. Not all strands
in the cable are or should be by necessity superconduct-
ing. Segregated copper strands ca replace some of the
superconducting ones either at the level of the basic unit
or at higher stages. For example, instead of a full super-
conducting triplet one can have a triplet with the struc-
ture 2S+1Cu consisting of two superconducting and one
copper wires. Alternatively, copper segregation can be
produced by inserting copper wires or copper subcables
in the cabling process at certain upper stages. The cross-
section of the cable can be therefore very rich in structure
showing either a dispersed segregation of copper wires if
copper was introduced at the basic stage or islands of
copper if copper is introduced at later stages. A typical
cable in conduit conductor is shown in Fig.1
Another source of inhomogeneity in the cable cross-
section is related to the void spaces. Some cables are
provided with a central channel added in order to im-
prove the helium circulation and to reduce the pressure
drop. In other cables the last stage (called “petal” for
obvious reasons) is wrapped with a steel tape creating
additional inter-petal spiral channels. In this respect we
speak from cables which have a simply connected or a
multiply connected6 structure.
Due to the self-field effect, the magnetic field distribu-
tion in the cable cross-section is not uniform. Through
the dependence of critical current on field, the cable
will show a non-uniform distribution of electric field in
the cross-section if the volt-ampere characteristic of the
strands is of power-law type. The measured electrical
FIG. 1: Color online. Typical Cable in Conduit Conductor
with central channel and inter-petal void spaces.
field(using voltage taps on the cable jacket) is a kind of
average over an ensemble of strands. The calculation of
the average electric field in a cable is based on the er-
godic hypothesis1 which states that all strands trajecto-
ries are equivalent and the length average of one strand
can be replaced by an ensemble average. This is simi-
lar to the principle from the statistical mechanics where
the time average of a physical quantity can be replaced
by an ensemble average. It was demonstrated in2 that
for short length the ergodic hypothesis is not true and
that in this case a statistical interpretation of the experi-
mental results based on the central limit theorem should
be made. For long cables sections however, with length
of hundreds of the last stage twist pitch it seems, based
on numerical simulation of strand trajectories, that the
ergodic hypothesis holds2. In this case the ensemble av-
erage can be calculated using a geometric probability dis-
tribution function as applied for the first time by Ekin3
for filaments in a strand and extended later in4 for sim-
ple connected full-size CICC. However, no mathematical
proof exists for the time being that the twisted cables are
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2ergodic for any number of stages and any combination of
twist pitches.
According to Ekin’s proposal3, the average electric
field (or any other observable) is calculated using the
formula
〈E〉 ∧=
∫
E (r)w (r) dr =
∫
E
dAE
A
(1)
where E (r) is the local electric field and w (r) dr the
probability density that a strand at position r senses an
electrical field E(r)
w (r) dr
∧
=
dNE
N
(2)
with dNE the number of strands sensing the same elec-
tric field E and N is the total number of strands.
The last equality in Eq.(1) is based on the important
assumption that the strands are distributed in the cable
cross section such that a density (number of strands per
unit area) can be defined. We assume therefore that we
always can write
dNE = ρdAE
N = ρA
(3)
In the above equation, ρ is the density of strands in
the cable cross-section, A is the total cable cross-sectional
area and dAE represents a geometrical area element with
the property that inside this area the electric field is con-
stant. In other words it is the set of cable cross-section
points having the same electrical field E
dAE
∧
= {r ∈ A |E (r) = E } (4)
In most of the cases of interest the density ρ is constant
and we we limit ourselves here to this case. Generaliza-
tion to non uniform distribution of strands is straightfor-
ward and will be developed in the next sections. At this
point it is important to make the difference between uni-
form density of strands and random strand position. A
uniform density of strands in the cable cross section can
be obtained also with strands twisted in concentric lay-
ers much similar to the superconducting filaments in the
strand itself.Unfortunately this arrangement is not er-
godic. By contrast, in multiple twisted cables the strands
are much more randomly distributed as a consequence of
the erratic overlapping of multiple twist stages with dif-
ferent (incommensurate) twist pitches. Therefore, it is
generally believed that such cables satisfy the ergodicity
condition. Therefore for the definition of the geometric
probabilities we request first the randomness and then
the uniform density. The randomness and ergodicity are
the necessary conditions to calculate averages the way
defined in Eq.(1).
FIG. 2: Color on line. Typical elemental areas for geometri-
cal probability. a) no external field, self field has a radial dis-
tribution, b) superposition of an external uniform field (along
Oy-axis) with the self-field of the cable results in a linear field
distribution (field gradient) along the Ox-axis. Dark gray
corresponds to higher magnetic field.
The form of the elemental area can change from case to
case. For the self-field problems it is a linear stripe per-
pendicular to the magnetic field gradient. For a round
cable with transport current and no external field, the el-
emental area is a circular ring. The form of dAE should
be therefore defined for each problem at hand but be-
cause in this paper we will discuss only the self-field ef-
fect the elemental area will be always a stripe as shown
in Fig.2b.
II. ILLUSTRATIVE CALCULATION FOR A
SIMPLY CONNECTED CABLE CONTOUR
The simplest case of a simply connected cable is a cir-
cular cable without internal voids. As discussed above,
the superposition of the uniform external field with the
azimuthal field of the cable results in a linear variation
of the magnetic over the cable cross-section. In this case
the elemental area is a stripe (Fig.2b), parallel to the
external field direction with area given by
dAE = dA (r) = 2
√
r2c − r2dr (5)
where rc is the cable radius and r is the coordinate
along the field gradient (Ox-axis in our case). The total
cable cross-section area is
A = pir2c (6)
and using Eqs.(2) and (3) we get the following expres-
sion for the probability distribution function
w0 (r) =
2
√
r2c − r2
pir2c
(7)
This is a strongly nonlinear function with a large slope
close to r = −rc and r = rc and is represented graphically
3FIG. 3: Color online. The probability distribution function
w0(r)(left panel) and the probability p0(r) (right panel), for
a cable with a simple connected contour.
in Fig.3. Further, it can be checked by direct integration
that w0 (r), Eq.(7) satisfies the conditions of a probability
distribution function i.e. we have first,
rc∫
−rc
w0 (r) dr = 1 (8)
and second, the probability that a given strand is
placed somewhere between −rc and r is smaller than 1
for any r ∈ [−rc, rc]
p0 (r) =
r∫
−rc
w0 (r) dr 6 1 (9)
The infinitesimal probability dp0 is by definition
dp0 (r)
∧
= w0 (r) dr =
2
√
r2c − r2
pir2c
dr (10)
FIG. 4: Geometrical parameters for rectangular conductor
of width a and height b. Left panel ∇B||a, right panel ∇B||b.
Similarly, for a rectangular conductor of width a and
height b as in Fig.4 we obtain
wa (x) dx =
bdx
ab
=
1
a
dx for ∇B ‖a
wb (x) dx =
adx
ab
=
1
b
dy for ∇B ‖b
(11)
In this case the elemental area is either dAE = b dx or
dAE = a dx and the total area is A = ab. The proba-
bility distributions are both uniform but can differ sub-
stantially because a < b.
III. GENERAL PROBLEM,
MULTIPLE-CONNECTED CABLE CONTOURS
Multiple connected cables have holes or regions in the
cross-sectional area occupied by another material and not
by the superconducting strands. The holes could be for
example the central channel or the inter-petal spaces for
the conductors with wrapped last stage. Non homoge-
neous regions could be the copper islands in case of seg-
regated copper cables. The holes and the inhomogeneous
regions can be fixed ( they do not change the position
in the cable cross-section as one moves along the cable
axis) or itinerant ( they have variable position in the ca-
ble cross-section as one moves along the cable axis). The
central channel is a good example of a fixed hole while
the inter-petal spaces are itinerant holes. They rotate as
part of the last stage with the same twist pitch as the
cable’s last stage. As we will see later the area contribu-
tion of fixed holes and itinerant holes to the probability
distribution function is quite different. The same holds
for copper islands, although fixed copper islands are not
found in the modern cable design.
In order to illustrate the calculation method for mul-
tiple connected cables let as refer to the geometry pre-
sented in Fig.5. The cable cross-section consists of two
regions A1 and A2 with the property: A = A1∪A2; A1∩
4FIG. 5: Geometry for a multiple connected cable
A2 = ∅, where ∅ is the empty set. Transversally, there
is a magnetic field gradient created by the superposition
of the background field with the self field of the cable as
shown in Fig.2.
For |r| < rh the infinitesimal probability is by defini-
tion
wr<rh (r) dr =
dN1 + dN2
N
(12)
with dNi, i = 1, 2 the number of strands in the in-
finitesimal area dAi. Assuming a uniform strand distri-
bution in the two regions with densities ρ1 and ρ2 we
have
dN1 = ρ1dA1; dN2 = ρ2dA2;
N = ρ1A1 + ρ2A2; A = A1 +A2
(13)
Substituting this back in Eq.12 we obtain
wr<rh (r) dr =
ρ1dA1 + ρ2dA2
ρ1A1 + ρ2A2
=
=
ρ1
ρ1A1 + ρ2A2
dA1 +
ρ2
ρ1A1 + ρ2A2
dA2 =
=
A
A1 + λA2
dA1
A
+
λA
A1 + λA2
dA2
A
(14)
with λ = ρ2/ρ1.
For rh < |r| < rc we have similarly
wr>rh(r)dr =
dN1
N
=
ρ1dA1
ρ1A1 + ρ2A2
=
dA1
A1 + λA2
(15)
An important special case is when ρ2 = 0 i.e. when
there is a central hole of area A2 = pir
2
h in the cable cross
section. In this case Eq.14 becomes
wr<rh (r) dr =
dA1
A1
=
dA1
A−A2 =
dA− dA2
A−A2 =
=
2
[√
r2c − r2 −
√
r2h − r2
]
pi (r2c − r2h)
dr
(16)
and Eq.15
wr>rh =
2
√
r2c − r2
pi(r2c − r2h)
(17)
which gives finally the probability distribution function
for a cable with a central channel of radius rh
wh (r) =

2
[√
r2c − r2 −
√
r2h − r2
]
pi (r2c − r2h)
for |r| < rh
2
√
r2c − r2
pi (r2c − r2h)
for |r| > rh
(18)
The probability density wh(r) and the probability
function ph(r) calculated with Eq.18 are presented in
Fig.6
The example presented above shows the calculation of
the probability distribution function for a cable with a
fixed hole in the middle of the cross-section, a typical
example of a cable with a central channel. We are going
to show now how to calculate the probability distribution
function for a cable with four regions, two of which being
itinerant. To be more precise, the object here is a cable
in conduit conductor with wrapped last stage petals and
a central channel. As shown in Fig.7 the first region is a
strand region. Regions 2 and 3 are itinerant regions since
they rotate through the cross-section, on advancing along
the cable axis, with a period given by the the last twist
pitch of the cable. These regions are created by the upper
and lower inter-petal holes. The contribution of these
two regions to the effective density is lower than that
for the region one and we call them therefore diluted (or
depleted) regions. Finally, there is a fourth region which
is the central hole. This is fixed and has zero density
contribution. The following equations are obtained by
generalizing (extending) Eqs.13 and 14:
w (r) dr =
ρ1dA1 + ρ2dA2 + ρ3dA3 + ρ4dA4
ρ1A1 + ρ2A2 + ρ3A3 + ρ4A4
=
A = A1 +A2 +A3 +A4
(19)
the first expressing the definition of the probability
density function and the second the total cross sectional
5FIG. 6: Color on line. The probability distribution function
wh(r)(left) and the probability ph(r) (right) for a cable with
fixed hole in the central part of the cross-section. The blue
line is the reference line for a compact cable, the probability
density w0(r) and the probability p0(r).
area. The calculation proceeds in steps considering dif-
ferent ranges for the coordinate along the field gradient,
rin the four regions. The four regions are
Region 1: r2 < |r|
Region 2: r1 < |r| < r2
Region 3: rh < |r| < r1
Region 4: |r| < rh
(20)
In the first region we have
[w (r) dr]1 =
ρ2dA2
ρ1A1 + ρ2A2 + ρ3A4
=
=
λ2dA2
A1 + λ2A2 + λ3A3
(21)
FIG. 7: Example of a CICC with 6 wrapped petals in the
last stage and a central hole. Observe the upper and lower
inter-petal voids. They rotate along the conductor length and
are therefore called itinerant holes (voids)as opposed to the
central hole which is fixed. In this example rc =18.2 mm,
r2=15 mm, r1 =6 mm and rh =4 mm.
where we have defined
λ2 =
ρ2
ρ1
; λ3 =
ρ3
ρ1
; λ4 =
ρ4
ρ1
= 0 (22)
where the last relation is for the central hole where no
strand are present. Further we use the following rela-
tions:
dA2 = 2
(√
r2c − r2
)
dr
A1 = pi
(
r22 − r21
)
A2 = pi
(
r2c − r22
)
A3 = pi
(
r21 − r2h
)
A4 = pir
2
h
(23)
The dilution factors for the two itinerant regions are
λ2 =
ρ2
ρ1
=
1
ρ1
N2
A2
=
1
ρ1
ρ1 (A2 − 6Apch)
A2
=
= 1− 6Apch
A2
(24)
where Apch is the area of the inter petal void and the
factor 6 comes from the fact that there are six inter petal
cable voids. Similarly, if apch is the area of the lower
inter-petal void we have
6λ3 =
ρ3
ρ1
= 1− 6apch
A3
(25)
In general we observe that the dilution factor for the
itinerant regions is always of the form
λi = 1− Ai,void
Ai
(26)
and are intermediate between full stranded regions
where λ = 1 and fixed hole regions with λ = 0. The
name diluted regions comes from this fact.
Using Eqs.24 and 25, the denominator in Eq.21 can be
expressed as
A1 + λ2A2 + λ3A3 = (27)
= A1 +
(
1− A2,void
A2
)
A2 +
(
1− A3,void
A3
)
A3 =
= A1 +A2 +A3 −A2,void −A3,void =
= A−A2,void −A3,void −A4
Finally we get the following expression for the proba-
bility density function in Region 1
[w (r)]1 =
2
√
r2c − r2
(
1− A2,void
A2
)
A−A2,void −A3,void −A4 (28)
In the second region we have
[w (r) dr]2 =
ρ1dA1 + ρ2dA2
A1 + λ2A2 + λ3A3
=
dA1 + λ2dA2
ρ1A1 + ρ2A2 + ρ3A3
=
=
dA1 + λ2dA2
A−A2,void −A3,void −A4
(29)
where we have used Eq.27. Now, observe that
dA1 = 2
√
r22 − r2dr (30)
dA2 = 2
[√
r2c − r2 −
√
r22 − r2
]
dr
and from Eq.29 using Eq.26 we obtain the probability
density function in the region 2 as
[w (r)]2 =
2
√
r22 − r2 + 2
(
1− A2,void
A2
)(√
r2c − r2 −
√
r22 − r2
)
A−A2,void −A3,void −A4 (31)
In the third region we have rh < |r| < r1 and according
to the general definition we have
[w (r) dr]3 =
ρ1dA1 + ρ2dA2 + ρ3dA3
ρ1A1 + ρ2A2 + ρ3A3
=
=
dA1 + λ2dA2 + λ3dA3
A1 + λ2A2 + λ3A3
=
=
dA1 + λ2dA2 + λ3dA3
A−A2,void −A3.void −A4
(32)
where we have first divided the nominator and denom-
inator by ρ1 and then have used Eq.27. Now we write
again the expressions for the elemental areas of interest
which in the third region are:
dA1 = 2
(√
r22 − r2 −
√
r21 − r2
)
dr
dA2 = 2
(√
r2c − r2 −
√
r22 − r2
)
dr
dA3 = 2
√
r21 − r2dr
(33)
and after substituting in Eq.32and simplifying dr we
get
[w (r)]3 =
2
(√
r22 − r2 −
√
r21 − r2
)
+ 2
(
1− A2,void
A2
)(√
r2c − r2 −
√
r22 − r2
)
+ 2
(
1− A3,void
A3
)√
r21 − r2
A−A2,void −A3,void −A4 (34)
7Finally, we have the fourth region with |r| < rh. The
probability distribution is
[w (r) dr]4 =
ρ1dA1 + ρ2dA2 + ρ3dA3
ρ1A1 + ρ2A2 + ρ3A3
=
=
dA1 + λ2dA2 + λ3dA3
A−A2,void −A3,void −A4
(35)
with the new elemental areas for this region
dA1 = 2
(√
r22 − r2 −
√
r21 − r2
)
dr
dA2 = 2
(√
r2c − r2 −
√
r22 − r2
)
dr
dA3 = 2
(√
r21 − r2 −
√
r2h − r2
)
dr
(36)
After substitution in Eq.35 and simplifying dr on both
sides of the equation we obtain
[w (r)]4 =
=
2
(√
r22 − r2 −
√
r21 − r2
)
+ 2
(
1− A2,void
A2
)(√
r2c − r2 −
√
r22 − r2
)
+ 2
(
1− A3,void
A3
)(√
r21 − r2 −
√
r2h − r2
)
A−A2,void −A3,void −A4
(37)
The final result for the probability density function is
obtained by putting together the four pieces calculated
before, Eq.28, Eq.31, Eq.34 and Eq.37, in the form of a
piecewise continuous function which is plotted in Fig.8
w (r) =

[w (r)]1 for r2 < |r|
[w (r)]2 for r1 < |r| < r2
[w (r)]3 for rh < |r| < r1
[w (r)]4 for |r| < rh
(38)
IV. A CABLE-IN-CONDUIT CONDUCTOR
WITH SEGREGATED COPPER
Next we illustrate the general method to calculate the
geometrical probability function for a cable with segre-
gated, discrete copper. Discrete means that the cop-
per wires, which replace some of the superconducting
strands, are not dispersed uniformly in the cable cross-
section but grouped together in what appears as islands
in the cable structure. The geometry, presented in Fig.9
is borrowed from the new advanced Nb3Sn conductor
5,
a test conductor developed and tested at the SULTAN
facility. As can be seen, in the central cable region there
are six round copper islands each being a braid of 27
copper wires. The islands are itinerant i.e. rotate in the
cross-section as one advance along the cable. As before
we define different regions starting from the cable jacket
with a radius rc. The region 1 is the reference region and
we take λ1 = 1. The second region is a diluted region due
to the circular movement of the copper islands and the
FIG. 8: Color online. Probability density function for the
CICC calculated with the relations developed in this paper.
For reference also the probability density for a simple con-
nected cable is shown.
dilution factor will be calculated later. The third region
is as the first region and we take λ3 = 1. Finally, the
fourth region is a hole with radius rh and therefore we
have here ρ4 = 0 and λ4 = 0.
In the first region, r2 < |r| < rc and we have therefore
[w(r)]1 =
ρ1dA1
ρ1A1 + ρ2A2 + ρ3A3
=
=
dA1
A1 + λ2A2 +A3
(39)
Further we have dA1 = 2
(√
r2c − r2
)
dr and
8A1 + λ2A2 +A3 = A1 + (A2 −A2,void) +A3 =
= A1 +A2 +A3 −A2,void = A−A2,void −A4
(40)
where A = pir2c is the total cable area, A4 = pir
2
h the
hole area, A2,void = 6pir
2
Cu and we used the fact that
A1 +A2 +A3 = A−A4. Substituting all these in Eq.39
we get
[w(r)]1 =
2
√
r2c − r2
A−A2,void −A4 =
2
√
r2c − r2
Aeff
(41)
where in order to simplify the notation we defined
Aeff = A−A2,void −A4.
In the second region, r1 < |r| < r2 the probability
density is
[w(r)]2 =
ρ1dA1 + ρ2dA2
ρ1A1 + ρ2A2 + ρ3A3
=
dA1 + λ2dA2
Aeff
(42)
and with dA1 = 2
[√
r2c − r2 −
√
r22 − r2
]
dr and
dA2 = 2
√
r22 − r2dr we obtain
[w(r)]2 =
2
√
r2c − r2 + 2λ2
√
r22 − r2
Aeff
(43)
For the other regions the calculation follows the same
scheme and we give here only the final result. For the
third and the fourth region we get
FIG. 9: Geometry data for the advanced Nb3Sn cable with
six itinerant copper islands and a central hole
[w(r)]3 =
2
[√
r2c − r2 −
√
r22 − r2
]
+ 2λ2
[√
r22 − r2 −
√
r21 − r2
]
+ 2
√
r21 − r2
Aeff
[w(r)]4 =
2
[√
r2c − r2 −
√
r22 − r2
]
+ 2λ2
[√
r22 − r2 −
√
r21 − r2
]
+ 2
[√
r21 − r2 −
√
r2h − r2
]
Aeff
(44)
The dilution factor for the second region containing
the copper islands is
λ2 = 1− A2,void
A2
= 1− 6pir
2
Cu
pi(r22 − r21)
(45)
since the void area is equal to the area of the six copper
islands.
The final solution is then of the same form as Eq.38 i.e.
a piece-wise continuous function. The result of numerical
calculation is shown in Fig.10 and corresponds to the
following set of parameters: rh=4 mm, rCu=3.25 mm,
r1=7.85 mm, r2=14.35 mm and rc=18.2 mm.
V. CONCLUSIONS
A method and general relations for calculating the
probability distribution function for cable-in-conduit
conductors with different geometry have been presented.
The probability distribution function is an essential in-
gredient in the calculation of the average electric field of a
cable carrying transport current and exposed to an exter-
nal uniform magnetic field. This is the only calculation
which can be compared with the measured electric field
and is an important element in the DC characterization
of a cable.
The method was illustrated for two favorite cable ge-
ometries with multiple-connected topology. The results
of the calculation for a cable with six petals and a central
9FIG. 10: Color online. The probability distribution function
for the cable with six copper islands and a central hole
hole and for a cable with six segregated copper islands
show that neglecting these geometric aspects could led to
large errors in evaluating the average electric field. The
central hole is seen to induce a depletion of the probabil-
ity distribution function in the central region of the cable.
Wrapping the last stage results in a depletion close to the
jacket and an enhancement close to and around the cen-
tral hole as illustrated in Fig.8. It is worth mentioning
that the depletion in this case occurs at and close to the
peak field position. The copper islands effect, Fig.10 is
also a depletion but strongly localized around the annulus
where the copper segregation is present. The calculation
method presented here can be use for almost any type of
cable satisfying the ergodic principle.
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